In this paper, we prove some qualitative properties for the positive solutions to some degenerate elliptic equation given by
Introduction
In this paper we are interested in studying the non-negative solutions to the degenerate elliptic equation given by −∆ p,w u = f (x, u); w ∈ A p where the operator −∆ p,w is defined by −∆ p,w u = − div(w|∇u| p−2 ∇u) either in whole space or in smooth and bounded domain Ω(⊂ R N ) for varying degree of nonlinearity.
We start by proving some preliminary result which guarantees the existence of certain test function which is an important ingredient in proving the main results. In our case, because of the weight, desirable regularity results are not readily available. Hence we prove some lemmas to overcome this difficulty. Then for a wide class of functions f satisfying some conditions we prove a non-existence result, comparison principle, Hardy-type inequality and Liouville theorem. We also study the eigenvalue problem corresponding to the operator −∆ p,w proving results such as simplicity and monotonicity. Beginning with the paper of Fabes et al [7] where a local Hölder regularity result along with some maximum principle and Poincaré type inequalities are proved for Muckenhoupt weights there has been a huge surge in interest to study problems on degenerate elliptic operators with Muckenhoupt weights. Related results on weighted Poincaré and Sobolev inequalities was obtained by Chanillo and Wheeden [4] . In De Cicco-Vivaldi [5] a Liouville theorem was proved for the weight w(x) = |x| r with r > −N and N > 2. Related degenerate eigenvalue problem was studied in Kawohl et al [9] . For more information on this field one can refer to Heinonen et al [8] .
The goal of our paper is to improve and complement the previously obtained results where ever possible. Throughout the paper, we restrict the weight function in the class A p (defined below) and choose Ω to be any bounded smooth domain in R N where N ≥ 1 and p > 1 unless otherwise stated.
Preliminaries
We begin this section by presenting some facts about the weighted Sobolev space. 
(Weighted Sobolev space) For w ∈ A p , we define the weighted Sobolev space W 1,p (Ω, w) to be the set of all real-valued functions u defined a.e. on Ω for which
. As a consequence one can introduce the space
Moreover, for w ∈ A p both the spaces W 1,p (Ω, w) and W 1,p 0 (Ω, w) are uniformly convex (and hence reflexive) Banach space, for details see Drabek et al [6] .
Unfortunately to prove our results suitable embedding theorems were not available for weights in A p class. Hence we start by defining some more subclass. Definition 1.4. Define a new sub-class of A p as follows: • For any w ∈ A s , we have the continuous inclusion map
for some α > 0 and p * s = N ps N −ps .
• Moreover, these are compact except for q = p * s in case of 1 ≤ p s < N .
• The same result holds for the space W 
Definition 1.5. We define a new class of weights
The same holds, if we replace the space
For more information regarding the weighted Sobolev space see [6, 8] and the references therein.
Notation:
(ii) For any set S we denote by S + the set of all nonnegative elements in S. (iii) |S| will denote the Lebesgue measure of S. (iv) We write C to denote a positive constant which may vary from line to line or even in the same line depending on the situation.
Essential Lemmas
We start this section by proving some lemmas. For the rest of the paper, we will assume h ∈ Q and f ∈ M unless otherwise stated where Q and M are defined as follows:
Clearly f (x) = (x + c) p−1 belongs to M for any c ≥ 0 and the equality is achieved. Other example of functions in M include g(x) = e (p−1)x .
Lemma 2.1. (Picone Identity) Let Ω be any domain in R N and u ≥ 0, v > 0 in Ω be differentiable functions and w be a weight function defined in Ω. Define
Moreover, we have
Applying Young's Inequality with |∇u| and u|∇v|(f (v))
Following the exact proof of Allegretto-Huang [1] , we have that the equality holds iff u = cv + d for some constants c and d.
Remark 2.1. For p = 2 and w = 1, we get back Theorem 1.1 of Tyagi [10] and rectifies Theorem 2.1 of Bal [2] for p > 1.
Proof. Since h ∈ C 1 (0, ∞) and v is continuous on any compact subset K of Ω we have the functions
and
are continuous. Therefore on any compact subset K := supp φ we have
where c is a constant independent of x and
where δ is a constant independent of x. Now using (3), we obtain
From (2) and (3), we get
Hence the lemma follows.
Lemma 2.3. Let w ∈ A s with p s > N . Suppose u ∈ X + be such that supp u ⊂ K for some compact subset K of Ω and v ∈ W 1,p (Ω, w) positive in Ω. Then
Proof. Since u, v ∈ W 1,p (Ω, w) with w ∈ A s with p s > N by Lemma 1.1, we may assume both u and v are continuous upto the boundary. Since h ∈ C 1 (0, ∞) both h(v) and h ′ (v) are continuous over any compact subset K of Ω. Suppose supp u ⊂ K. Let us assume that
Let δ,T be constants such that
Now using (4) and (5), we obtain
For Lemma 2.4 and Lemma 2.5, we assume h ∈ Q and is monotone increasing satisfying the following property:
where M (ǫ) is independent of x. Clearly e (p−1)x and (x + c) p−1 is in the above class for any c > 0 and p > 1.
Proof. Since h is increasing, we have
since φ ∈ C ∞ c (Ω), the lemma follows.
Lemma 2.5. Let w ∈ A s with p s > N . Then we have
Proof. w ∈ A s , p s > N by Lemma 1.1, both u and v are continuous upto the boundary. Therefore,
Main Results
We start this section by stating our main results. For u > 0 in Ω, consider the equation
where 0 ≤ g 1 , g 2 ∈ L 1 (Ω) and f ∈ M satisfying (6). We say u ∈ W 1,p (Ω, w) is a positive weak super-solution of equation (7), if u > 0 in Ω and
for all ϕ ∈ X + .
Theorem 3.1. (Non existence of positive super-solutions) Given w ∈ A s with p s > N if there exist u ∈ X + such that
then (7) has no positive weak super-solution in W 1,p (Ω, w).
Remark 3.1. Assume that f ∈ M satisfying (6) and w ∈ A s with p s > N where g 1 , g 2 ∈ L 1 (Ω) be non-negative. If there exist a function u ∈ X + with supp u ⊂ K for some compact subset K of Ω such that J(u) < 0, then (7) has no positive weak super-solution in W 1,p (Ω, w). 
Remark 3.2. Assume w ∈ A s with p s > N and g ∈ L 1 (Ω) be non-negative such that there exists v ∈ W 1,p (Ω, w) > 0 in Ω satisfying (9), then for any u ∈ X + with support u ⊂ K for some compact subset K of Ω, the inequality (10) holds. 
We conclude this section with a brief discussion of the eigenvalue problem. Consider the eigenvalue problem
where w ∈ A t and
Here we state a result, proof of which can be found in Chapter 1 of Drábek et al [6] , which in turn will give a new norm on the space X.
Lemma 3.1. (The weighted Friedrich inequality) For w ∈ A t the inequality
holds for every u ∈ X with the constant c > 0 independent of u.
Definition 3.1. A real number λ such that (13) admits a non trivial solution u is called an eigenvalue of the operator −∆ p,w and u is called the corresponding eigenfunction.
We denote the principal eigenvalue of (13) as λ 1 and is defined as:
Observe that due to Lemma 3.1, the space X can be defined via an equivalent norm
for every u ∈ X. We now turn to results related to the eigenvalue problem, the existence of which is already available in [6] . The simplicity of λ 1 is proved in a different way by Drábek et al [6] but here we provide a simpler proof using ideas from Belloni-Kawohl [3] . 
